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Invariants of families of flat connections using
fiber integration of differential characters
Ishan Mata
Abstract
Let E → B be a smooth vector bundle of rank n, and let P ∈
Ip(GL(n,R)) be a GL(n,R)-invariant polynomial of degree p compati-
ble with a universal integral characteristic class u ∈ H2p(BGL(n,R),Z).
Cheeger-Simons theory associates a rigid invariant in H2p−1(B,R/Z)
to any flat connection on this bundle. Generalizing this result, Jaya
Iyer (Letters in Mathematical Physics, 2016, 106 (1) pp. 131-146)
constructed maps Hr(D(E))→ H
2p−r−1(B,R/Z) for p > r+1 where
D(E) is the simplicial set of relatively flat connections, thereby as-
sociating invariants to families of flat connections. In this article we
construct such maps for the cases p < r and p > r + 1 using fiber
integration of differential characters. We find that for p > r + 1 case,
the invariants constructed here coincide with those obtained by Jaya
Iyer, and that in the p < r case the invariants are trivial. We further
compare our construction with other results in the literature.
1 Introduction
Fix a smooth vector bundle E → B of rank n on a finite dimensional smooth
base manifold B. Let ω be a smooth connection on this bundle, and denote
its curvature by Ω ∈ Ω2(B,End(E)). Denote the set of degree p GL(n,R)-
invariant polynomials on gl(n,R) by Ip(GL(n,R)). Chern-Weil theory (see
[1], for example) gives a homomorphism Ip(GL(n,R)) → H2p(B,R), given
by P 7→ [P (Ω)] for any choice of connection on the bundle where [ ] denotes
the equivalence class in the cohomology. By Ip
Z
(GL(n,R)), we denote that
subset of Ip(GL(n,R)) whose image under the Chern-Weil map for the clas-
sifying bundle EGL(n,R) → BGL(n,R) lies in H2p(BGL(n,R),Z). Here
by H2p(BGL(n,R),Z) we really mean its image in H2p(BGL(n,R),R). Let
u ∈ H2p(BGL(n,R),Z) be a universal integral characteristic class compatible
with P . Cheeger and Simons [2] (also see [3]) defined objects
Hˆk(B) := {f : Zk−1(B)→ R/Z|f ◦ δ ∈ Ω
k(B)}. (1)
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Notice that our convention of the degree is different from theirs : they use
Hˆk−1(B) to denote the R.H.S.. They showed that these objects fit into exact
sequences
0→ Hk−1(B,R/Z)
i1−→ Hˆk(B)
curv
−−→ Ωkcl(B)→ 0 (2)
0→
Ωk−1(B)
Ωk−10 (B)
ι
−→ Hˆk(B)
ch
−→ Hk(B,Z)→ 0. (3)
Here Ωk−10 (B) denotes closed (k − 1)-differential forms with integral peri-
ods. They showed that to the data (E → B, ω), one can associate a differ-
ential character h ∈ Hˆ2p(B), such that curv(h) = P (Ω), and ch(h) is the
u-characteristic class of the bundle E → B. As a corollary, they obtain the re-
sult that when the connection is flat the differential character lies in the image
of the inclusion of H2p−1(B,R/Z) in Hˆ2p(B). Thus the authors determined
R/Z cohomology classes which we denote by cs(P,u)(E, θ) ∈ H
2p−1(B,R/Z).
Generalizing this work to families of connections, Jaya Iyer [4] showed how
to associate an element of H2p−r−1(B,R/Z) to an element of r-th simplicial
homology of the simplicial abelian group of relatively flat connections on
the bundle. More precisely, she defines the simplicial abelian group D(E)
whose set of r−simplices is the free abelian group generated by (r + 1)-
tuples (D0, · · · , Dr) of relatively flat connections. Relative flatness means
that Σ
j
tjD
i is flat for any choice of ti’s such that Σtj = 1. She then con-
structs maps ρp,r : Hr(D(E))→ H
2p−r−1(B,R/Z) for p > r + 1, r ≥ 1.
This article is a humble and modest extension of Jaya Iyer’s work (henceforth
the article [4] is often referred to as ‘Jaya Iyer’s paper’) using the technique
of fiber integration of differential characters developed by Ba¨r and Becker
in [5]. Given an element u compatible with P as above, we derive maps
ψ˜P,u,r : Hr(D(E)) → H
2p−r−1(B,R/Z) for p 6= r, r + 1. If Σ is an r-cycle
in D(E), we consider the bundle E × Σ → B × Σ (we use the same sym-
bol Σ to denote the cycle and its geometric realization), and endow it with
a certain connection. We apply the Cheeger-Simons theory to this data to
obtain a differential character hB×Σ ∈ Hˆ
2p(B × Σ), and apply integration
along the fibers of the bundle B × Σ → B to get a differential character in
Hˆ2p−r(B). We find that these maps do not actually depend on the choice of
u ∈ H2p(BGL(n,R),Z), and that the characteristic class of ψ˜P,u,r([Σ]) con-
sidered as a differential character vanishes. Thus we conclude that ψ˜P,u,r([Σ])
is in the image of the map Ω
2p−r−1
Ω2p−r−10
ι
−→ Hˆ2p−r(B). Using again a theorem of
Ba¨r and Becker [5], we compute a representative differential form. We find
that for the p > r + 1 case, this form matches with the one constructed in
[4]. Our initial hope was to obtain new cohomology invariants in the p < r
case. However, it turns out that in this case the invariants are trivial i.e.
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ψ˜(Σ) = 0.
Thereafter we proceed to discuss the relationship of our construction to
other constructions in the literature. In [6] Biswas and Lopez consider the
set of smooth maps Maps(S,F) where S is a smooth null-cobordant mani-
fold of dimension r, and F is the space of flat connections on the principal
G-bundle E → B. Using the formalism of Atiyah bundle and the bun-
dle of connections, they define certain forms βpk ∈ Ω
k(A,Ω2r−k(B)). Here
A denotes the space of all connections on E → B considered as an infi-
nite dimensional Fre´chet manifold. Using these forms they construct maps
Λpr+1 : Maps(S,F) → H
2p−r−1(B,R). They prove that the maps can be de-
scribed as [f : S → F ] 7→ [
ffl
T
P (Ω)] where f¯ : T → A is an extension of f to
a manifold T whose boundary is S, and Ω is the curvature of a certain con-
nection on E × T → B× T . They show that these maps are well defined i.e.
the answer does not depend on the choice of the extension f¯ or the manifold
T , that Λpr+1 are indeed closed forms which define elements of the cohomol-
ogy group H2p−r−1(B,R), and that [Λpr+1(f0)] = [Λ
p
r+1(f1)] ∈ H
2p−r−1(B,R)
whenever f0, f1 are homologous. As argued in section 4, from the viewpoint
of fiber integration these results proved in [6] can be obtained (modulo Z)
directly as consequences of some properties of fiber integration proved in [5].
In [7], the authors consider the principal G-bundle E ×A → B ×A with its
canonical connection A. If G is a subgroup of Gau(E) which acts freely on
A, then A → A/G becomes a principal bundle. They show that a choice
of connection U on A → A/G gives a connection U on (E × A)/G →
B × A/G, and apply Cheeger-Simons theory to this bundle to obtain maps
χr : Hr(F/G,Z)×H2p−r−1(B,Z)→ R/Z which do not depend on the choice
of the connection U . They also show that their approach using differential
characters yields the same results as in [6] on cycles in F/G that come from
cycles in F .
Our results can be considered a special case of their results for the case
G = {e}. (Even though we state and prove our results for vector bun-
dles, the same discussion applies mutatis mutandis to principal G−bundles.)
However, since we deal with finite dimensional stratifolds, we do not need to
assume that the Cheeger-Simons construction of a differential character given
a smooth connection on a bundle holds good in case the base of the bundle
is an infinite dimensional Fre´chet manifold (see section 4 for a discussion of
this point). Also our method makes the relation between various approaches
used in [6, 7, 4], and maps obtained therein more transparent. We find that
all the three approaches yield the same invariant in R/Z cohomology upto a
possible sign factor (which depends on the orientation conventions).
The idea that fiber integration of differential characters can be used to ob-
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tain invariants of families of connections was explored in [8] (also see [9]).
However as observed in [4], the fiber integration developed in [8] can not be
used for the map X ×∆r → X since it assumes that the fibers are compact
manifolds without boundary. In our case, as we shall see, the fibers are not
manifolds but compact stratifolds without boundary. This allows us to make
use of the fiber integration construction of [5]. In fact our results are a direct
application of the fiber integration construction (lemma 41), and proposition
54 of [5].
The article is organized as follows. In section 2 we very briefly describe the
geometric chain model of differential characters, and fiber integration devel-
oped by Ba¨r and Becker in [5]. In section 3 we give our construction of the
invariants, and thereafter in section 4 we proceed to compare our construc-
tion with those in [6, 7, 4].
The subject of invariants of flat connections is a subject of many articles, see
for example [10, 9, 11].
2 Preliminaries : Differential characters, ge-
ometric chains, and fiber integration
In this section we briefly state the definitions and results that are used later
in the paper. Subsection 2.1 describes a geometric chain model of differential
characters on smooth spaces, and subsection 2.2 discusses the construction
of fiber integration of differential characters and its properties.
Familiarity with smooth spaces and stratifolds is assumed, see section 2 of [5]
for statement of essential definitions and results, and [12] for an authoritative
and comprehensive treatment. The discussion in this section is based on the
framework developed in [5]. Nothing contained in this section is original.
2.1 Geometric chain model of differential characters
Definition 1. Let Ck(X) be the set of equivalence classes of smooth maps
ζ : M → X where M is an oriented k−stratifold such that ∂M is an oriented
(k − 1)−stratifold under the following equivalence relation :
(ζ : M → X) ∼ (ζ ′ : M ′ → X) iff ∃ an orientation preserving diffeomor-
phism ψ : M → M ′ such that ζ ′ ◦ ψ = ζ. The operation of disjoint union
makes Ck(X) an abelian semi-group. We define the inverse of [ζ : M → X ]
to be the same map but with the orientation of M reversed : [ζ¯ : M¯ → X ]. In
this manner, Ck(X) becomes an abelian group. Elements of Ck(X) are called
geometric chains.
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Definition 2. The boundary operator ∂ : Ck(X) → Ck−1(X)is defined as
∂[ζ : M → X ] = [ζ |∂M : ∂M → X ].
Definition 3. The set ker∂ := Zk(X) is called the group of k−geometric
cycles. The set im∂ := Bk−1(X) is called the group of geometric boundaries.
The quotient Hk(X) :=
Zk(X)
Bk(X)
is the homology of the complex defined by ∂.
Let Cn(X ;Z) denote the group of smooth singular n−chains on X . A
chain c ∈ Cn(X ;Z) is called thin if ∀ω ∈ Ω
n(X),
´
c
ω = 0. We denote the
group of thin n−chains by Sn(X,Z).
We now define maps ψ : Cn(X) → Cn(X,Z)/Sn(X,Z) by [ζ : M → X ] 7→
[ζ∗(c)]Sn where c denotes a fundamental cycle of Hn(M, ∂M,Z) (or Hn(M,Z)
if ∂M = φ). Similarly we have maps from geometric cycles, and geometric
boundaries to smooth singular cycles, and smooth singular boundaries re-
spectively. We have the commutative diagram :
Cn+1(X) Bn(X) Zn(X) Cn(X)
Cn+1(X,Z)
Sn+1(X,Z)
Bn(X,Z)
∂Sn+1(X,Z)
Zn(X,Z)
∂Sn+1(X,Z)
Cn(X,Z)
Sn(X,Z)
This chain map induces a map on homology of the two chain complexes
: Hn(X) :=
Zn(X)
Bn(X)
→ Hn(X,Z). This map is an isomorphism (see Theorem
20.1 in [12]). Further it is shown there that the product Hm(X)×Hn(Y )→
Hm+n(X×Y ) given by [ζ : M → X ]×[η : N → Y ] 7→ [ζ×η : M×N → X×Y ]
is compatible with the isomorphism above and the usual multiplication in
smooth singular homology.
Ba¨r and Becker show (lemma 7 of [5]) that
Theorem 4. There exist homomorphisms ζ : Cn+1(X,Z) → Cn+1(X), a :
Cn(X,Z) → Cn+1(X,Z), and y : Cn+1(X,Z) → Zn+1(X,Z) such that the
following hold :
∂ζ(c) = ζ∂(c) ∀c ∈ Cn+1(X,Z), (4)
[ζ(c)]Sn+1 = [c− a(∂c) − ∂a(c + y(c))]Sn+1 ∀c ∈ Cn+1(X,Z), (5)
and
[ζ(z)]∂Sn+1 = [z − a(z)]∂Sn+1 ∀z ∈ Zn+1(X,Z). (6)
2.2 Fiber integration of differential characters
Before discussing fiber integration, let us fix our conventions regarding ori-
entation. We use the same conventions as in [5]. In particular, if M is a
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manifold with boundary ∂M , a tangent vector pointing outward at a bound-
ary point p ∈ ∂M followed by an oriented basis for Tp(∂M) gives us an
oriented basis for the manifold M at p. For a fiber bundle with oriented fiber
and oriented base, the orientation on the total space is chosen to be given
by an oriented basis of the base followed by an oriented basis of the fiber.
We now discuss fiber bundles over smooth spaces. As remarked in [5] (sec
7.1), there are multiple non-equivalent generalizations of the concept of fiber
bundles over smooth spaces. We use the same definition as by the above
authors.
Definition 5. A smooth surjective map p : E → B is a fiber bundle with fiber
F , if for any smooth map f : M → B from a finite dimensional stratifold
M , the pull back f ∗E →M is locally trivial with fiber F .
Let F −֒→ E → B be a fiber bundle where M,F, and E are smooth
manifolds of finite dimension and F is compact oriented. Then we have a
fiber integration map of differential forms (see, for example, [13])ffl
F
: Ωn(E,R)→ Ωn−r(B) for n ≥ r where dimF = r. This map satisfies the
Stokes theorem :  
F
dω = d
 
F
ω + (−1)degω+dimF
 
∂F
ω (7)
Similarly there is a push-forward map (see [14, 15]) for singular cohomology
with coefficients in an arbitrary group πF : H
n(E,G)→ Hn−r(B,Hr(F,G)).
Generally F is a connected, closed and oriented manifold of dimension r, and
the above map becomes πF : H
n(E,G) → Hn−r(B,G). Fiber integration
maps have been studied for various models of differential cohomology, see for
example [16, 17, 9]. For our purpose, the construction given by [5] is suitable.
We briefly describe this construction below. For this purpose, they use the
transfer maps at the level of chains λ : Ck−r(B,Z) → Ck(E,Z) satisfying
[λ(z)]∂Sk+1 = [PBE(ζ(z))]∂Sk+1 ∀z ∈ Zk−r(B,Z) where PBE denotes the
pull-back along the map E → B.
Definition 6. Let E → B be a fiber bundle with oriented closed fibers F ,
and let dimF = r. We then have fiber integration πˆ!F : Hˆ
k(E) → Hˆk−r(B)
for k > r given by h 7→ πˆ!F (h), where
(πˆ!F (h))(z) = h(λ(z))× exp(2πi
ˆ
a(z)
 
F
curv(h)) (8)
The authors of [5] show that this construction does not depend on the
choice of functions λ,ζ , and a.
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Remark 7. The above construction in [5] is done for the case where M ,
and E are smooth spaces, but F is assumed to be a finite dimensional closed
manifold. However, their construction as well as the properties cited below
hold for the case when F is a compact boundary-less finite dimensional strat-
ifold. This is because all that is required in their construction and proofs is
that (a) the fiber integration of differential forms is defined, and that (b) the
integration of forms satisfies the Stokes theorem. These hold good when F is
a compact oriented stratifold by the virtue of results proved in [18].
When the fiber has a boundary, the fiber integration (along the boundary)
of the restriction of a differential character, finds an expression in terms of
the integral of the curvature of the differential character. This is a very
useful identity, and in fact several of our results are a direct consequence of
this formula. The precise theorem (proposition 54 of [5]) is as follows :
Theorem 8. Let F −֒→ E → B be a fiber bundle where F is a compact
manifold with boundary ∂F , such that ∂E → B is a fiber bundle with fiber
∂F . If h ∈ Hˆk(E,Z), then
πˆ!∂F (h|∂E) = ι((−1)
k−dimF
 
F
curv(h)) (9)
As observed in [5] example 56, this is a generalization of the famous
Cheeger-Simons homotopy formula (10).
They further show that fiber integration is compatible with the exact se-
quences i.e. the diagrams :
0 Ωk−1(E)/Ωk−10 (E) Hˆ
k(E) Hk(E,Z) 0
0 Ωk−r−1(B)/Ωk−r−10 (B) Hˆ
k−r(B) Hk−r(B,Z) 0
ffl
F
πˆ!F π!F
and
0 Hk−1(E,R/Z)) Hˆk(E) Ωk0(E) 0
0 Hk−r−1(B,R/Z) Hˆk−r(B) Ωk−r0 (B) 0
π!F πˆ!F
ffl
F
commute.
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3 Cohomological invariants of the space of
flat connections using fiber integration of
differential characters
In their seminal paper [2] Cheeger and Simons showed how to associate
a differential character given a bundle equipped with a connection. We
denote their differential character by csP,u(E → B, θ) ∈ Hˆ
2p(B). Here
P ∈ Ip
Z
(GL(n,R)), and u ∈ H2p(BGL(n,R),Z) are assumed to be com-
patible with each other. Often when there is no possibility of confusion, we
simply write these as cs(E, θ). When the connection is flat, these characters
are in the image of the inclusion H2p−1(B,R/Z) → Hˆ2p(B). They further
prove that for p ≥ 2, cs(E, θ1) = cs(E, θ0) if the connections θ0 and θ1 are
connected by a smooth family of flat connections and are therefore rigid
invariants of the space of flat connections. This is a consequence of their
’homotopy formula’ :
cs(P,u)(∇1)− cs(P,u)(∇0) = p
ˆ
I
P (
d
dt
∇t,∇
2
t ,∇
2
t , · · · ,∇
2
t ). (10)
In this article, we consider the problem of attaching invariants to a family
of flat connections. More precisely, we formulate the problem as done in
[4] : Let D(E) be the simplicial abelian group, whose r-simplices are freely
generated by (r + 1)−tuples (D0, D1, · · · , Dr) of relatively flat connections
on the bundle E → B. (The connections D0, D1, · · · , Dr are called relatively
flat if the linear combination t0D
0+ t1D
1+ · · ·+ trD
r is a flat connection for
each choice of t0, · · · , tr such that
∑
ti = 1.) If φ : [r]→ [s] is an increasing
function (where [r] := {0, 1, · · · , r}), we then define the corresponding map
φ∗ : D(E)s → D(E)r by φ
∗(D0, D1, · · · , Ds) = (Dφ(0), Dφ(1), · · · , Dφ(r)). In
this section we construct maps :
ψp,r : Hr(D(E))→ H
2p−r−1(B,R/Z) for p 6= r, r + 1 (11)
using fiber integration of differential characters. In the next section we show
that p > r + 1 case, they agree with the maps constructed in [4]. Our orig-
inal motivation for doing this construction was to obtain new invariants for
the p < r case, however we show in the next section that in this case, the
invariants turn out to be trivial.
Let Σ ∈ Zr(D(E)) be a cycle representing the homology class [Σ] ∈ Hr(D(E)).
Then Σ = Σ1 + · · · + Σm where Σi = (D0,i, D1,i, · · · , Dr,i). On the bundle
Σi×E → Σi×B, we define a connection as follows (we use the same symbol
Σi to denote the geometric realization of the chain Σi). ∆r is conveniently
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parameterized by tuples (t0, · · · , tr) such that t0 + t1 + · · · + tr = 1. Let
Di = Σ
j
tjD
j,i be a connection on the bundle E × Σi → B × Σi.
Schematically speaking, we could patch these connections Di on E × Σi →
B × Σi, to get a connection D on E × Σ→ B × Σ and then apply Cheeger-
Simons theory to obtain a character hB×Σ ∈ Hˆ
2p(B × Σ). We could then
integrate along fibers of the bundle B×Σ→ B to get a character in Hˆ2p−r(B).
Broadly, this is the idea used in this paper. However carrying it out rigor-
ously requires some care since Σ is a stratifold, and not a manifold in general.
In order to apply Cheeger-Simons theory to the bundle E ×Σ→ B ×Σ, we
first need to ensure that the connection we endow it with is smooth, and
that it is the pull back (under some smooth classifying map) of the universal
connection on an N -classifying bundle (in the sense of Narsimhan-Ramanan
[19]). To do this, we need to modify the connection Di so that it is constant
in a small collar near the boundary of ∂Σi. We do this in a precise manner
below.
First we describe the notion of smoothness of a connection ω on the bundle
E × Σ → B × Σ. Choose an open subset U ⊆ B over which E|U → U is
trivial. Let {φµ : U → E|U} for µ ∈ {1, . . . , n} be a frame of smooth sections
of this vector bundle. Let {ωµν} be the connection 1-forms corresponding to
the connection ω with respect to this frame. We say that ω is a smooth
connection if each ωµν is a smooth 1-form. This definition depends neither on
the choice of U nor on the frame. For background on the notions of smooth-
ness of forms on stratifolds, we refer the reader to the book [12], or to C.-O.
Ewald’s works [18, 20].
Now, let 0 < ǫ < 1 be a small real number. First choose a diffeomorphism
η : ∆r → Dr of smooth spaces where Dr denotes the unit ball of dimension r.
This diffeomorphism induces an isomorphism of bundles E × Dr → B × Dr
and E × ∆r → B × ∆r. Let Didisk be the corresponding connection on
E × Dr → B × Dr. Now choose a smooth function f : I → I such
that f(t) = t ∀t ∈ [0, 1 − ǫ), and f(t) = 1 ∀t ∈ [1 − ǫ
2
, 1]. The map
f induces a map f˜ : Dr → Dr which sends the point (r, θ1, · · · , θr−1) to
(f(r), θ1, · · · , θr−1) in the polar coordinates. Let D
i,f
disk be the connection on
the bundle E × Dr → B × Dr given by Di,fdisk = (id × f˜)
∗(Didisk). Finally
let Dif = (id × η)
∗Di,fdisk be the connection on E × ∆
r → B × ∆r. By con-
struction, this connection is constant in a small collar around the boundary
E × ∂∆r . The connections Dif patch together to give a smooth connection
Df on E × Σ→ B × Σ.
We now apply the Cheeger-Simons theory to the bundle E×Σ→ B×Σ with
connection Df to obtain a differential character h
f
B×Σ ∈ Hˆ
2p(B×Σ). Notice
that the original Cheeger-Simons construction [2] was done for the case when
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the base is a manifold. In our case however, B×Σ is a stratifold. This is not
a problem however for us, because all that goes into the proof of Cheeger-
Simons theorem is that the given connection arises from the pull back of a
map from the bundle to an m-classifying Stiefel bundle (EN → AN ) with its
canonical connection. While this may or may not be true when the base is a
general stratifold or for a general connection, for our purposes it suffices to
show this for the connection Df over our bundle whose base is a cartesian
product of manifold and geometric realization of a simplicial complex. We
do this below.
Consider ∆r as subset of Rr. Given a small collar V around the ∂∆r, and
a classifying map gi : B × ∂∆
r → AN for the connection D
i
f |E×∂∆r , we first
extend this map to the collar (and use the same symbol gi for the extension)
gi : B × V → AN . Then there exists a smooth extension g˜i : B ×∆
r → AN
of the restriction gi|V ′ of gi to a possibly smaller collar V
′ ⊆ V , such that
g˜∗i (γN) = D
i
f . (This follows by noticing that the Narasimhan-Ramanan proof
proceeds by solving the existence of classifying map locally, and then using a
partition of unity argument to get a global map.) Therefore we can assume
that the maps g˜i : B × Σ
i → AN agree with each other on the intersecting
boundaries of the faces {Σi} and give rise to a smooth map g˜ : B×Σ→ AN
under which the canonical connection γN on the Stiefel bundle EN → AN
pulls back to Df . This fact enables us to apply Cheeger-Simons theory to
the data (E × Σ→ B × Σ, Df) to get a differential character h
f
B×Σ.
Since Σ is a cycle, its geometric realization is a compact stratifold without
boundary. Therefore, by remark 7, we can apply fiber integration to the bun-
dle B × Σ → B, to obtain a differential character πˆ!Σ(h
f
B×Σ) on B. (Notice
that, as remarked in [4], geometric realization of Σi (or ∆r)is not boundary-
less and hence fiber integration of differential characters can not be applied
to the bundle B × Σi → B. However, since Σ is a cycle, the geometric real-
ization of Σ has no boundary. This is what makes it possible to apply fiber
integration to the bundle B × Σ→ B). We have thus obtained a map :
ψf(P,u,r) : Zr(D(E))→ Hˆ
2p−r(B) (12)
given by
Σ 7→ πˆ!Σ(h
f
B×Σ) (13)
We often drop one or more of the subscripts P, u and r so as to avoid clut-
tered notation.
Let us now compute the curvature of the differential character ψf (Σ). To
do this, we note that by proposition 46, and equation (62) of [5], we have a
commutative diagram :
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0 Hk−1(B × Σ,R/Z) Hˆk(B × Σ) Ωk(B × Σ) 0
0 Hk−r−1(B,R/Z) Hˆk−r(B) Ωk−r(B) 0
π!Σ πˆ!Σ
ffl
Σ
Thus we have
curv(ψf(Σ) =
 
Σ
curv(hfB×Σ) =
 
Σ
P (Ωf) (14)
where Ωf is the curvature of the connection Df i.e. Ω
f = dDf + Df ∧ Df .
(Strictly speaking, we should write(Ωf )µν = d(Df)
µ
ν + (Df)
µ
λ ∧ (Df )
λ
ν where
{(Df)
µ
ν} are connection 1-forms on U ×Σ with respect to a frame {φ
µ} over
a trivializing subset U ⊆ B. However, in order to avoid clutter of notation,
we use the same symbol Df to denote the connections, and the connection
1-form w.r.t. a frame {φµ} and omit the indices µ, and ν.)
Now we use the fact that for each t ∈ Σ, the restriction of the connection Df
to the bundle E×{t} → B×{t} is flat, together with a standard argument in
the literature (see for example, [7, 10, 4]) to prove below that when p > r+1
or when p < r, the curvature of ψf (Σ) is zero.
First note that forms on a product manifold can be decomposed as Ωk(M ×
N) =
⊕
0≤l≤k
Ωl,k−l(M ×N).
OnE×Σi → B×Σi, the connectionDf restricts toD
i
f =
∑
cj(t0, . . . , tr)D
j,i.
Now if Ωif is the curvature of D
i
f (or equivalently the restriction of Ω
f to Σi),
then we have Ωif = dΣi×BD
i
f +D
i
f ∧D
i
f .
We now use local coordinates (xα)1≤α≤mon on open set U ⊂ B. This gives
us a chart for U × Σi with coordinates (x1, . . . , xm, t0, . . . , tr−1). In these
coordinates, we have
dΣi×BD
i
f =
∑
j,k
∂cj
∂tk
dtk ∧D
j,i +
∑
α
∂
∂xα
Dif ∧ dxα (15)
Thus Ωif =
∑
j,k
∂cj
∂tk
dtk ∧D
j,i +
∑
α
∂Di
f
∂xα
∧ dxα +D
i
f ∧D
i
f =
∑
j,k
∂cj
∂tk
dtk ∧D
j,i.
The last equality follows since the restriction of Dif to any slice E × {t} →
B×{t} gives a flat connection, thereby making the sum of the last two terms
vanish. Therefore Ωf ∈ Ω
1,1(B × Σ, gl(n,R)). Since P is a homogeneous
polynomial of degree p, we have P (Ωf) ∈ Ωp,p(B × Σ). Thus
P (Ωf) = 0 for p > r (16)
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The above argument is standard, see for example [7, 4, 10].
In the p < r case, even though P (Ωf) need not vanish, the integral
ffl
Σ
P (Ωf)
still vanishes. We have thus obtained
Theorem 9. When p 6= r, curv(ψf(Σ)) = 0, and hence ψf takes values in
H2p−r−1(B,R/Z).
When p = r, the above map gives a differential character in Hˆr(B) rather
than an R/Z cohomology class. We now proceed to show that ψ evaluated
on boundaries vanishes, and hence it gives rise to a map ψ˜f : Hr(D(E)) →
H2p−r−1(B,R/Z). To see this, let Σ = ∂K where K is an (r + 1)-chain
in the simplicial group D(E) of relatively flat connections. The geometric
realization of Σ is the boundary of the geometric realization of K, and hence
hfB×Σ is the restriction of h
f
B×K along its boundary. Therefore, we apply
theorem 8 to the bundle E ×K → B ×K to obtain :
ψf(Σ) = πˆ!Σ(hB×Σ) (17)
= ι((−1)2p−dimK
 
K
curv(hB×K)) (18)
= (−1)2p−dimKι(
 
K
P (ΩB×K)) (19)
Now P (ΩB×K) ∈ Ω
p,p(B ×K), and dimK = r + 1. Hence if p 6= r + 1,
ψP (Σ) = 0 ∀Σ ∈ Br(D(E)). We have thus obtained
Theorem 10. When p 6= r, r + 1, the map ψf induces a map ψ˜f(p,r) :
Hr(D(E))→ H
2p−r−1(B,R/Z).
We now proceed to show that the map ψf does not actually depend
on the choice of the map f of the unit interval or ǫ. Let f0, f1 be any
two such maps for ǫ0 and ǫ1 respectively. Let F : I × I → I be given by
F (t, s) = (1− s)f0(t) + sf1(t) ≡ fs(t). One can then define a connection on
the bundle E×Σ× I → B×Σ× I which is trivial in the directions of Σ× I,
and whose restriction to the slice E × Σ × {s} → B × Σ × {s} is Dfs . By
theorem (8) we have
ψf1(Σ)− ψf0(Σ) = (−1)r+1ι(
 
Σ×I
curv(hFB×Σ×I)) (20)
Since curv(hFB×Σ) ∈ Ω
p,p(B × (Σ × I)), and since p 6= r + 1, the R.H.S.
vanishes, thereby proving the result :
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Theorem 11. When p 6= r + 1, ψfp,r(Σ) does not depend upon the choice of
the function f .
We therefore omit the superscript f , and simply write ψ or ψ˜.
4 Comparison with other constructions in the
literature
In this section, we first derive an explicit computable formula for ψ(Σ). We
find that this matches with the formula given by [4] thereby showing that
the maps ρ′ in [4] are equal to the maps ψ˜ here for the p > r+1 case, and are
zero for the p < r case. We then show that as a consequence of theorem (8),
our invariants match with the ones constructed in [6] using entirely different
methods. We further show that the results here are compatible with the ones
obtained in [7].
Fix any flat connection D0 on E → B, and let D¯0 be the connection on
E × Σ → B × Σ obtained by pulling back the connection D0 on E → B
under the pull back diagram
E × Σ E
B × Σ B
Now since the space of connections is convex, there exists a connection D˜
on E×Σ×I → B×Σ×I such that its restriction to E×Σ×{0} → B×Σ×{0}
is D¯, and restriction to the slice E × Σ × {1} → B × Σ × {1} is D. Note
that the restriction of D˜ to the slice E × {p} × {t} → B × {p} × {t} for
0 < t < 1, p ∈ Σ need not be flat.
By theorem 8, we have
hDB×Σ×{1} − h
D
B×Σ×{0} = (−1)ι(
 
I
curv(hD˜B×Σ×I)) ∈ Hˆ
2p−r(B × Σ) (21)
Applying further integration over the fiber Σ in the bundle B × Σ→ B, we
get
ψ(Σ) = (−1)r+1ι(
 
Σ×I
P (ΩD˜)) (22)
13
This is precisely1 the construction given in [4] (since the R.H.S. in 22 does
not depend upon ǫ, we can take ǫ→ 0+). Therefore, we obtain :
Theorem 12. The maps ψ˜ : Hr(D(E))→ H
2p−r−1(B,R/Z) are equal to the
maps ρ′ constructed in [4] for p ≥ r + 2.
Invariance under the action of the structure group GL(n,R) follows from
the invariance of P and equation 22. Notice that the equation 22 shows that
ψp,u does not depend on u. Further it shows that that a different choice of the
path of simplices connecting the trivial simplex to D changes the integral in
the R.H.S. of equation 22 at most by a closed form with integral periods. In
[4] R.H.S. is taken as the definition of the invariant associated to the family
of flat connections.
Note that ψ˜([Σ]) considered as an element of Hˆ2p−r(B) lies in the image
of both the inclusion maps H2p−r−1(B,R/Z) → Hˆ2p−r(B), and Ω
2p−r−1
Ω2p−r−10
ι
−→
Hˆ2p−r(B). Thus not only does the curvature of this differential character
vanish, but also its characteristic class. The vanishing of the characteristic
class can also be understood in the following way.
Theorem 13. The characteristic class of the differential character ψ˜([Σ])
vanishes.
Proof. By compatibility of fiber integration of differential characters, and
singular cohomology we have that ch(πˆ!Σ(hB×Σ)) = π!Σch(hB×Σ). Now we
have an explicit description of the fiber integration map in singular cohomol-
ogy (see the discussion in remark 4.5 of [5]). If µ ∈ H2p(B × Σ,Z), then
π!Σ(µ) ∈ H
2p−r(B,Z) is given by π!Σ(µ)(c) = µ(EZ(c⊗Σ)) where Σ denotes
the fundamental class of the top homology Hr(Σ,Z) ≃ Z. Now observe that
if u ∈ H2p(G(k,∞)) is an element of cohomology of the base of the clas-
sifying bundle, the characteristic class µ of the bundle E × Σ → B × Σ is
given by µ(c′) = u(f∗(c
′)) where f : B × Σ → G(k,∞) is any classifying
map. In our case, if g : B × {∗} → G(k,∞) is a classifying map for the
bundle E × {∗} → B × {∗}, we can choose f = g ◦ (idB × {∗}). Thus
f∗(EZ(c⊗Σ)) = EZ(g∗(c)⊗ 0) = 0. Hence we have π!Σ(ch(hB×Σ)) = 0.
Since ch ◦ i1 is (upto a sign) the connecting homomorphism in the long
exact sequence in cohomology corresponding to the short exact sequence
0→ Z→ R→ R/Z→ 0, we have the :
1In [4], the results are stated for the case p > r. However, to the best of our under-
standing, this is an error and the results there hold for p > r + 1. In the case p = r + 1,
one gets maps Zr(D(E))→ H
2p−r−1(B,R/Z), however they need not necessarily descend
to maps on homology. Also compare remark 7 in [7].
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Corollary 14. For any [Σ] ∈ Hr(D(E)), ψ˜([Σ]) lies in the image of the map
H2p−r−1(B,R)→ H2p−r−1(B,R/Z).
Our initial hope was that this method of fiber integration would yield
new cohomological invariants for the p < r case, since all that is required for
our construction of ψ˜ is that p 6= r, r+ 1. However a closer look reveals that
for p < r, ψ˜([Σ]) = 0. Therefore this yields no nontrivial invariants in this
case.
Theorem 15. For p < r, ψ(Σ) = 0 ∀ Σ ∈ Zr(D(E))
Proof. ΩD˜ = ΩD˜ 2,0 + ΩD˜ 1,1 + ΩD˜ 0,2 ∈ Ω2(B × (Σ × I)). However, as has
been argued above, ΩD˜ 0,2 = 0 since D˜ is trivial in the directions of Σ × I.
Thus
P (ΩD˜) ∈ Ωp,p(B× (Σ× I))⊕Ωp+1,p−1(B× (Σ× I))⊕· · ·⊕Ω2p,0(B× (Σ× I))
(23)
Since dim(Σ× I) = r + 1, the R.H.S. in equation 22 vanishes.
Though this result regarding vanishing of invariant for the p < r case has
not been explicitly stated in [4], it is a consequence of Jaya Iyer’s formula
i.e. equation 22 in this paper.
We now proceed to compare our results with others in the literature ob-
tained using different methods. We have already seen that the characters
constructed using fiber integration coincide with the ones constructed in [4].
We see below that the invariants are equal to the ones constructed in [6, 7]
upto a sign.
In [6] the authors consider the set of smooth maps Maps(S,F) where S is
a null cobordant manifold and F denotes the space of all flat connections.
The space of all connections on E → B is denoted by A and is given the
structure of a Fre´chet manifold. Employing the framework of Atiyah bundle,
and the bundle of connecions, they construct certain (r+1)-differential forms
βpr+1 ∈ Ω
r+1(A,Ω2p−r−1(B)) on A taking values in Ω∗(B). They then define
maps Λpr+1 :Maps(S,F)→ H
2p−r−1(B,R) given by f 7→ Λpr+1(f) =
´
T
f¯ ∗βpr+1
where f¯ : T → F is any extension of the given map f : S → F to a manifold
T whose boundary is S. They show that these maps are well defined i.e
the R.H.S. does not depend (considered as an element of cohomology group
H2p−r−1(B,R)) upon the choice of T or f¯ . As a consequence of certain
identities in their paper, they further show that if f0, f1 ∈ Maps(S,F) are
homologous, then Λpr+1(f0) = Λ
p
r+1(f1). Also they prove that
Λpr+1(f) ≡
ˆ
T
f¯ ∗βpr+1 =
 
T
P (Ω) (24)
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where Ω is the curvature of the connection induced on the bundle T × E →
T × B.
From the standpoint of the theory of differential characters and fiber inte-
gration used in this paper, we find that their results (modulo Z) follow from
an application of Theorem 8. We could let
Λpr+1 : Maps(S,F)→ H
2p−r−1(B,R/Z), p 6= r, r + 1 (25)
given by
f 7→ (−1)2p−r−1πˆ!S(hS×B) (26)
where hS×B is the differential character corresponding to the connection on
the bundle E × S → B × S. (We have chosen the factor (−1)2p−r−1 so
as to take care of the signs.) Equation 24 is then a corollary of theorem
8. The fact that the form Λpr+1(f) is closed is automatic since this form is
the curvature of the differential character πˆ!S(hS×B) by virtue of equation
14. Note that Lopez and Biswas obtain maps into H2p−r−1(B,R) instead of
H2p−r−1(B,R/Z). From our standpoint, this is because the differential char-
acter has trivial characteristic class (see corollary 14). Invariance under the
homology relation (proposition 3.8 of [6]) is a consequence of theorem 8 by
an argument similar to the one used in proving theorem 11. Their invariants
for p < r vanish because the forms βpr themselves vanish. From our point of
view, even though P (ΩB×T ) does not vanish,
ffl
T
P (ΩB×T ) vanishes. Also note
that their construction does not require a choice of u ∈ H2p(BGL(n,R),Z)
in the first place, while ours turns out to be independent of this choice (see
the discussion after theorem 12). Also compare this discussion with remark
3.4 in [6] where the authors show that Λpr+1 can be expressed as fiber inte-
grals of certain transgression forms which can be used to prove some of their
results.
As a special case, they consider the case where S = Sr, and obtain the maps
Λpr+1 : πr(F)→ H
2p−r−1(B,R) from homotopy groups ofF toH2p−r−1(B,R).
In contrast to homotopy groups, general homology classes can not be repre-
sented by maps from smooth manifolds, which is why we have used stratifolds
in this paper.
In [7], the authors use the theory of differential characters and equivariant
characteristic classes to obtain maps H2p−r−1(B,Z)×Hr(F/G,Z)→ R/Z for
p > r+1 where G ⊂ Gau(P ) is a subgroup of the group of global gauge trans-
formations which acts freely on A. Their approach is to use the canonical
connection A on the bundle E×A → B×A which is trivial in the directions of
A, and whose restriction to E×{θ} → B×{θ} is θ. They then choose a con-
nection U on the principal bundle A → A/G. They show that this data deter-
mines a connection U on the bundle (E×A)/G → B×A/G. Cheeger-Simons
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theory on this bundle yields a character χU ∈ Hˆ
2p(B×A/G). Their maps are
the composition Z2p−r−1(B,Z)×Zr(F/G,Z)→ Z2p−1(B×F/G,Z)
χU
−→ R/Z.
The first map here is the standard multiplication map. They then show that
these maps vanish when either factor is a boundary, and hence descend to
homology groups χp,r : H2p−r−1(B,Z)×Hr(F/G)→ R/Z. They further show
that these maps do not depend on the choice of the connection U .
Our method is a variant of their approach, and has the disadvantage that
it does not prove the invariance of the invariants under the action of the
Gauge group (or more precisely, a subgroup G of Gau(E) which acts freely
on A). Thus we have to restrict our attention to obtaining maps Hr(F) →
H2p−r−1(B,R/Z) rather than Hr(F/G) → H
2p−r−1(B,R/Z). In this sense
our results are a special case of the results of [7] for the choice G = {e}. (No-
tice that nothing in our approach actually uses the fact that the connection
on the bundle corresponding to a point on the geometric realization of the
cycle is a linear combination of the connection corresponding to the vertices.
All that is required is that the connection corresponding to any point in the
parameter space is flat.) However our approach does not assume that the
Cheeger-Simons construction is applicable in the case when the base is an
infinite dimensional Fre´chet manifold. The Cheeger-Simons construction of
a differential character given a bundle with a connection uses the fact (due
to Narasimhan-Ramanan [19]) that any smooth connection on the bundle
E → B (with the base B a finite dimensional manifold) can be obtained
from a universal connection on a Stiefel bundle by pullback under a smooth
classifying map. However to the best of knowledge of the present author, an
analogous result when the base is an infinite dimensional Fre´chet manifold
has not yet been proved in the literature (also see the discussion in section
2.1.1, and footnote 3, p.9 in [21]).
Notice also that our result that the character ψ˜(Σ) does not depend on the
choice of u, proves that the maps χP,u : Hr(F ,Z) × H2p−r−1(B,Z) → R/Z
constructed in [7] do not depend upon the choice of u. We do not expect this
to be true more generally in the case when G 6= {e}.
We have already seen that the maps constructed in [4] are compatible with
the maps in [6]. In proposition 10 of [7], it is shown that the maps constructed
there are compatible with the ones in [6]. It is also possible to understand
the relation of our construction with the one in [7]. For this purpose we
need the following lemma which follows directly from the definition of fiber
integration.
Lemma 16. Let h ∈ Hˆk(E), and let f : Σ→ E represent a (k − 1)-cycle z.
Then
h(z) = πˆ!Σ(f
∗h) (27)
17
where the fiber integration is along the fiber Σ of the fiber bundle Σ→ ∗.
Let χA ∈ Hˆ
2p(B×A) be the character corresponding to the connection A
on E×A → B×A. Let f : Σ→ F → A be a cycle representing a homology
class in Hr(F). Then the connection that we used in our construction is the
pull back of the connection A in the diagram
E × Σ E ×A
B × Σ B ×A.
Hence hB×Σ ∈ Hˆ
2p(B×Σ) is given by hB×Σ = (idB × f)
∗χA. Let g : K → B
is a (2p− r− 1)-cycle in B. Then consider g× f : K ×Σ→ B ×F We then
have
ψ(Σ)(K) = πˆ!Σ(hB×Σ)(K)
= πˆ!K(g
∗(πˆ!Σ(hB×Σ)))
= πˆ!Σ×K((g × f)
∗χA)
= χA(Σ×K).
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